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It is conjectured that an integer sequence containing no k consecutive terms 
of any arithmetic progression must have density zero. Only the cases k = 3 
[Roth (1952) by an analytic method] and k = 4 [Szemeredi (1967) by an 
elementary method] have so far been settled. The basis of Roth’s method was a 
result concerning the exponential sums associated to finite sequences having 
the property in question. In the present paper we establish a corresponding 
(but different and more elaborate) result which will enable us to incorporate 
Szemeredi’s ideas in an analytic method. 
1. INTRODUCTION 
Szemeredi has recently proved1 (E. Szemeredi, Acta Hungaria 20 (l-2), 
(1969), pp. 89-104), by a remarkably ingenious elementary method, that 
an integer sequence containing no four consecutive terms of any arithmetic 
progression must have zero density. Our purpose is to develop a new 
method, embodying a number of Szemeredi’s ideas but analytic in nature, 
for proving the above theorem and certain generalizations of it. We intend 
to carry out that task in the next paper of this series. In the present paper 
we prove a theorem which will constitute the basic tool for the analytic 
method. This theorem, namely Theorem A stated in Section 2 below, is 
couched in very general terms in order to admit a variety of applications, 
and the relevance to Szemeredi’s theorem may at first appear obscure. 
But the connection will become clearer in Section 6, where we discuss 
certain consequences of Theorem A. 
We shall make use of some basic definitions and results introduced in 
+ University of Colorado, Boulder, February-June, 1969. 
i Dr. Szemeredi presented his proof in a lecture course at Nottingham University 
in the summer of 1967, and lecture notes were prepared by Dr. E. Wirsing and 
Dr. P. D. T. A. Elliott. I am much indebted to Drs. Szemeredi, Wirsing, and Elliott 
for providing me with a copy of these notes as soon as they were completed. 
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Section 2 of our first paper in this series [M&h. Ann. 169, p. 1-25 (1967)]; 
we refer to that paper simply as [ 11. 
A question which naturally suggests itself is whether one can obtain an 
effective quantitative form of Szemerkdi’s theorem. Suppose A,(N) is the 
maximal number of elements that can be selected from the set 
1, 2,..., N 
to form a set of integers containing no four consecutive terms of any 
arithmetic progression. Szemerddi proved that 
jii WIA,(N) = 0, 
but a quantitative result would give information regarding the rate at 
which iVA,(N) tends to 0 as IV--+ co. Our method can be adapted to 
give quantitative results, but the proofs then become complicated and the 
resulting estimates would be poor. But in this connection one could take 
advantage of the fact that it is possible to give an analytic proof of 
Szemertdi’s theorem which makes use of the inequality (2.10) for one s 
only. One therefore only needs to establish a quantitative equivalent to 
a much weaker form of Theorem A. 
We shall not, however, consider quantitative questions either in the 
present or in the next paper of this series. 
2. STATEMENT OF THEOREM A. 
Let 
c = {Wl), V(Z),..., W} (2-l) 
be a finite ordered set oft elements. Suppose further that there is associated 
a number 
11 %Y(s) (1, satisfying 0 < 11 g(S) /I < 1, corresponding to each %?(s) (s = 1,2,..., t). 
(2.2) 
We shall refer to a member of the set (2.1) as an “element V’ and shall 
denote the corresponding number by I/ V 11. For example, when we speak 
of a “sequence 
%l 9 q2 , @, ,-*a 
of elements Y”, we mean a sequence of type 
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where 1 < sj < t (j = 1, 2,...) and PPs) is the sth element of’ the set (2.1); 
// %Yj II would here be simply the number 11 Y?(Y) 11. 
DEFINITION 1. We use G to denote an aggregate of finite ordered 
sequences 
9 = Vl , g, ,***, q,>, (2.3) 
satisfying conditions (I) and (IQ below; here the Vj are elements %T and 
depend on Y, and the number g = g(9) of such constituents also depends 
on Y. 
CONUITION (I). Corresponding to each natural number N, the aggregate 
6 contains at least one sequence (2.3) with g(Y) = N. 
CONDITION (II). If the sequence (2.3) lies in 6, then for all triplets 
t, q, n of natural numbers satisfying 
the sequence 
where 
n + (I - l)q < g, 
9’ = {Vl’, g2’ )...) %t’}, 
also lies in 6. 
Vi’ = ~?z+wa (j = I,2 ,..., I), 
DEFINITION 2. Corresponding to a given aggregate G, we define the 
number 
(2.4) 
where the supremum is over all those sequences Y having exactly l con- 
stituents, and the summation is over the constituents of 9. 
Remark. We shall see in Section 3 that we may replace lim sup by lim 
in the above definition, since the limit always exists. 
Suppose now a set C and an aggregate 6 are given. We regard these as 
fixedfor the remainder of the section. 
DEFINITION 3. For each s = 1,2,.. ., t, and every sequence 9, we 
define thejinite sequence MS) = M*)(Y) of natural numbers by 
A”(*) = {n; 1 < n < g(Y), %Tn = %(8)}, (2.5) 
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where Fn runs through the g(Y) constituents of Y and %tp) is the sth 
element of C. 
We also deJine the corresponding exponential sum 
here, and throughout the paper, 01 denotes a real number and e(P) stands 
f or e2*ifl. 
THEOREM A. Let E be a positive number. Then there exists a set 
Vl 3 vi? ,-**, vt (2.7) 
of real numbers, satisfying 
such that the following statement is true. 
Corresponding to every sujiciently large integer N, there exists a sequence 
Y such that 
g(Y) = N (2.9) 
and, for each s = 1, 2 ,..., t, 
< Et-lN for every (II. (2.10) 
Remark. Let N be large (as a function of E) and suppose that the 
sequence Y satisfies (2.9) and (2.10). Write (using 1 JV 1 to denote the 
number of elements of J’+) 
d, = N-lT,(O) = N-l / Jlrts) / (s = 1, 2 )...) t). (2.11) 
so that d, is the density of the sequence (2.5) and, in particular, the d, 
are nonnegative numbers satisfying 
ids= 1. 
s=1 
(2.12) 
Then, from the inequality (2.10) with (II = 0, it follows that 
/ d, - v, ( < et--l; 
thus (2.8) implies 
(2.13) 
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and, for each s = I,2 ,..., t, (2.10) yields 
1 T,(a) - d, %$I e(nol) 1 < 2et-lN for every ~11. (2.14) 
The numbers d, depend on E and Y whereas the numbers v, depend 
only on C; but this will be immaterial in the applications we have in mind. 
3. DEFINITIONS AND RESULTS FROM [I] 
The following definition corresponds to Definition 1 in Section 2 of [l] 
(apart from differences in presentation). 
DEFINITION 4. We use QL to denote an aggregate of finite ordered sets 
ST- = {Xl 3 x2 ,..‘, 4 (3.1) 
of real numbers, satisfying conditions (I’), (II’), (III’) below; here the real 
numbers xi depend on S, and the number g = g(T) of such elements also 
depends on X. 
CONDITION (I’). Corresponding to each natural number N, the aggregate 
2l contains at least one set (3.1) with g(T) = N. 
CONDITION (II’). If the set (3.1) lies in 2l, then for all triplets 1, q, n 
of natural numbers satisfying 
n + (I - l)q < g, 
the set 
where 
9-l = {Xl’, X,‘)...) Xl’}, 
also lies in 2X. 
Xj = Xn+(j-lh (j = 1, 2 ,..., I), 
CONDITION (III’). There exists a number K = K(Z), depending onZy 
on %, such that for every element (3.1) of ?I, we have 
Ixil <K (j = 1, L., g) (3.2) 
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DEFINITION 5. Corresponding to a given aggregate 91, we define the 
function A(l) on the set of all natural numbers I, by writing 
A(I) = A(%1; 1) = >b{ $ xj (I = 1, 2,...) (3.3) 
&?(l‘)=1 J=l 
where the supremum is over all those sets 9” having exactly I constituents, 
and the summation is over the constituents of 3. 
The following result is simply Lemma 1 of [I 1, 
LEMMA 1. Given an aggregate ‘%, the limit 
7’ = T’(QI) = pll PA(l) (3.4) 
exists. 
Remark. Given a set C and an aggregate 6 (see Section 2), we can 
define a corresponding aggregate 2I, by associating to each sequence (2.3) 
a set 
For this aggregate 9I, the limits (2.4) and (3.4) correspond. In particular, 
we may replace lim sup by lim in (2.4). 
The following result follows at once from [l] Lemma 7. In fact this 
latter result yields, for large g, the inequality (3.6) with E” replaced by 
4q( 8’13, where ~(8) is a certain function (defined in [I] Definition 3) 
which tends to 0 as 8 tends to infinity. 
LEMMA 2. Suppose that the aggregate 2l is given, and that the set (3.1) 
lies in this aggregate. Let E” be a positive number. Write 
(3.5) 
where the xj are the elements of the set (3.1). 
Then, provided only g = g(s) is suficiently hirge, we have for every OL, 
u (a) - +@I) jil e(ja) 1 < 2(g+(W - U (0))‘t E”g, (3.6) 
where T’(‘%) is the value of the limit (3.4). 
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4. SOME FURTHER DEFINITIONS AND REMARKS 
Suppose a set C and an aggregate G (see Section 2) are given; these 
will remain fixed throughout. 
DEFINITION 6. For each s = 1,2,..., t, we denote by L(*) the operator 
which replaces the sequence (2.3) by the number of elements in the corre- 
sponding sequence (2.5) of natural numbers; in other words the operator Lcs) 
is defined by the relation 
L’S’(Y) = 1 JV’“‘(?Y)I for every Y E 6. (4.1) 
Furthermore, corresponding to every set 
of real numbers, we associate an operator 
L = w,L”’ + UJ2L@’ + *.. + ,p 
(4.2) 
(4.3) 
with the defining property 
L(Y) = i Cl&L(S)(Y) for every 9 E 6. (4.4) 
S=l 
We refer to an operator of type (4.4) as an “operator L”. 
Remarks. Clearly operators L are linear in the sense that if L’, L” are 
any two operators L, and X’, X” are any two real numbers, then XL’ + h”L” 
is again an operator L. 
We also note that the operators Lts) have the property 
0 < L@)(Y) < g(Y) for every YE 6. 
DEFINITION 7. Given an operator (4.3) and a sequence 9, we define 
thefunction K(L, 9’; n) in the range 1 < n < g(,Y) by the relation 
K(L, Y; n) = t: W,Kyn) (n = 1, Z..., g(Y)), (4.5) 
s=1 
where I is the characteristic function of the sequence (2.5), so that 
K"'(n) = K(L('), 9; n) = 
I 
A 
if n E Ns'(Y) 
otherwise. (4.6) 
132 ROTH 
We also define the exponential sum 
T(L, Y; CX) = C K(L, Y’; II) e(m). 
,z=1 
(4.7) 
Remarks. The function (2.6) is simply the function T(L(“), -Y; 3). 
We also note that (see Definition 6) 
L(Y) = T(L, 9; 0). (4.8) 
DEFINITION 8. Given an operator L, we define a corresponding aggregate 
‘?I = 5X(L) by associating to each set (2.3) a set (3.1) with 
Xj = K(L, .y;j) (j = 1, L., g(a). 
We depart from our previous notation by denoting the limit (3.4) corre- 
sponding to this aggregate by r(L). (To be consistent we should need to write 
+(%(L)), and this would be too cumbersome.) 
Remarks. In view of (3.4), the following two statements are true for 
any given positive E. 
(i) Provided only g(Y) is sufficiently large, we have 
L(Y) < (T(L) + El g(Y). 
(ii) Provided only the integer N is sufficiently large, there exists a 
sequence 9’ satisfying g(Y) = N and 
L(Y) > (T(L) - 4 g(@w. 
We also note that (4.7) is an exponential sum of type (3.5) with 2I = 2L(L) 
(defined above), so that Lemma 2 is applicable to sums T(L, Y; CI). 
5. PROOF OF THEOREM A 
Here again, the set C and the aggregate 6 remain fixed throughout. 
We use YM to denote a sequence Y with N constituents, that is with 
g(Y) = N. 
LEMMA 3. Suppose the integer s, satisfying 1 < s ,< t, the operator L’ 
and the positive number E are given. Then there exists a number 8, satisfying 
0 < 8 < 1, a positive number E* and an integer N” such that the following 
statement is true. 
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Let L” denote the operator L’ + eLfs’. Then, whenever 
LyLqJ > (T(L”) - E*)N, N > N*, 
we have 
(5.1) 
1 L’(YN) - NT(L’)I + 1 L”(9$) - NT(L”)I < f&N. (5.2) 
ProoJ For any r) > 0, and any large integer N, we define 
where (for given N) the supremum is taken over all those YN for which 
the condition L’(9&) > (T(L’) - 7)N is satisfied. We write 
d(S)(L’,:$ = Iirn_smup N-lD(S)(L’, 7; N). 
Furthermore, we define 
d(“‘(L’) = in; dcS)(L’, r]) 
or equivalently, 
d’“‘(L’) = lib dcS’(L’, 77). 
Given any 77 > 0, there exists an infinite sequence of natural numbers N 
satisfying 
D’s)(L’, q; N) > (dtS)(L’, q) - $$N. 
It follows that, for any given 7, we can find YN , with arbitrarily large N, 
to satisfy the simultaneous inequalities 
L’(%) > (T(L’) - TIN 
and 
L’“‘(cQ > (dtS’(L’, q) - q)N 3 (d’“‘(L’) - r])N. 
Hence, in view of the first remark after Definition 8, we have for any 
positive 0, 
T(L’ + ew’) >, T(r) + f?d’“‘(L’). 
We now choose 8 to satisfy both 0 -C 0 < 1 and 
d(@(L’, 20) < d@‘(L’) + SE. 
(5.3) 
(5.4) 
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The choice of a sufficiently large N* will thus ensure the truth of statement 
(i) below. 
(i) Provided N > N*, the inequality 
L’(.YN) “- (T(L’) - 2O)N 
implies the inequality 
(5.5) 
L(s)(,YN) < (d’“‘(L’) + &)N. (5.6) 
We choose N* so as to ensure the truth of statement (i), but also of 
statement (ii) below (as is possible in view of the remark after Definition 8). 
(ii) Provided only N > N*, 
L’(YN) < (7(-L’) + WN, L”(LQ < (+“) + &)N. 
Finally, we define 
E* = $0 min(l, E). (5.7) 
We now suppose that Lf” satisfies the conditions (5.1). In view of the 
definition of E*, it follows from the second inequality in statement (ii) 
above that 
1 L”(Y,) - N+L”)J < i&N. 
Bearing in mind also the first inequality in (ii), we see that we need only 
show that 
L’(9”,) > (+‘) - +d)N (5.8) 
in order to establish (5.2) and thus prove the lemma. 
But from (5.1) and (5.3), we obtain 
~y9g + ezy9g > (+‘) + edyr) - dq~. (5.9) 
In particular, since L.(S)(Y,) < N, d(“)(L’) > 0 and E* -C 8, (5.5) and 
hence (5.6) hold. On substituting (5.6) in (5.9), we obtain 
L’(YJ > (T(L’) - gee - c*)N. 
In view of (5.7), this implies (5.8) and the lemma is proved. 
LEMMA 4. Suppose the integer r, satisfying 1 < r ,( t and the positive 
number 6 are given. Then there exist numbers 
4 , 0, ,..., 8, , (5.10) 
each positive and less than 1, a positive number E,* and an integer N,.* 
such that the following statement is true. 
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Let the operators LO*, &*,..., L,” be dejined inductively by 
L,* = )I WI )I L’l’ + II %fz 11 L’*) + *me 3 11 %t II L(t), 
L,* = L,*_, + es+ (s = 1, 2 ,..., r). 
Then, whenever 
L,“(%) > (+G*) - +*PJ, N > NT*, 
we have 
(5.11) 
(5.12) 
(5.13) 
( L,*(YN) - NT(L,*)I + I L,*_,(YN) - N7(L,*_,)I < B&N (5.14) 
for s = 1, 2 ,..., r. 
Remark. From (5.11) (4-l), and (2.5), we see that the sum appearing 
in (2.4) is equal to L,*(Y), so that we have 
T(L,*) = 7, (5.15) 
where T is the limit (2.4). 
Proof. (of Lemma 4). When r = 1, Lemma 4 is merely a special case 
of Lemma 3. For a given l ‘, which will remain fixed throughout, we 
proceed by induction on r. Accordingly, we suppose the lemma is true 
when r = R, where 1 < R < t, and apply it in this case to obtain numbers 
8 OR, 1 ,--*> (5.16) 
each positive and less than 1, a positive number Ed* and an integer NR* 
such that (5.13) with r = R implies (5.14) for s = 1,2,..., R. Although 
the assertion of the lemma permits each element of the set (5.10) to depend 
on r (as well as on E’), we shall in fact obtain the case r = R + 1 of the 
lemma by aa’joining to the set (5.16) a suitable 0,+, and defining E~+~ , 
NR+I appropriately. 
For this purpose we need only apply Lemma 3 with 
s=R+l, L’ = LA*, E = min(E’, Ed*) 
to obtain 0, E*, N*, and then write 
e - 8, * R+l - l R+1 = t *, Nz+, = max(N*, NR*). 
On the assumption that (5.13) holds with r = R + 1, (5.2) yields the case 
s = R + 1 of (5.14) and also implies 
( LR*($q) - NT(LR*)( < OR+~EN < ER*N. 
Thus, since Nz+l 3 NR*, we have (5.13) with r = R, so that (5.14) holds 
also for s = 1,2,..., R. This completes the inductive step, and the lemma 
is proved. 
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We are now ready to complete the proof of Theorem A. Let E > 0, 
and suppose that the integer N is sufficiently large. 
We apply Lemma 4 with r = t and E’ -= 2.t-l~. In view of the remark 
after Definition 8, we may choose an YhT to satisfy 
L,*(cTQ ‘i (T(L,“) - EtF)N, 
so that (since N is large) the conditions (5.13) (with r = t) are satisfied. 
Accordingly, the inequalities (5.14) are also valid, for s = 1, 2,..., t. 
We define the set (2.7) by 
vs = e;‘{T(L,*) - T(L,*_,)}, (s = 1, 2 )...) t). (5.17) 
In view of (5.12) and Definition 7, the function (2.6) is given by 
Ts(a) = 7-p, 9, ; a) = e;l(T(L,*, YN ; a) - T(& ) YN ; Lx)>, 
For given s, we apply Lemma 2 twice, once with Ul(ol) = T(L,*, YN; a) 
and once with U, (CX) = T(Lz-, , 9&; CX), and with E” = $t-V,e in both 
cases. In accordance with the final remark after Definition 8, we must take 
the aggregate 2t appearing in Lemma 2 to be respectively %(L,*) and 
%(L$-_,), so that the two corresponding values of T’ are T(L,*) and 7(&Q. 
Thus, in view of (4.8), the double application of Lemma 2 yields for every 01, 
/ WL > % ; 4 - G-P) n$l 4d / 
< 2(NT(L,*_,) - L,*_,(YM)) + +t-‘e,E (P = 0, 1). 
Since, by (5.14), 
(NT&*) - L,*&)) + (NT(gl) - g&$,,)) < e&N = ft-‘e&N, 
it follows that, for every 01, 
/ Td4 - vs n$l eb4 j < $t+N, (5.18) 
and this implies the desired inequality (2.10). 
Finally, we have 
= (NT&I*) - &I*(=%& + i 11 ws) II (T,(o) - NV,) 
S=l 
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so that (2.8) follows from the case s = 1 of (5.14) (with E’ = tt-% as 
chosen above) together with the inequalities (5.18) for s = 1, 2,..., t 
(on recalling 0 < I/ %P) I/ < 1). This completes the proof of Theorem A. 
6. SOME CONSEQUENCES OF THEOREM A 
Let M = (aij) be a matrix having p rows and v columns, with integer 
elements, and such that the elements in any row have sum zero. Thus 
the aij are integers satisfying 
gii = 0 6 = 1, 2 )...) CL>. 
We say that a set V of distinct integers is an A4 set, if the equations 
(i = 1, 2,..., p) (6.2) 
subject to 
Yj Eg (j = 1, 2,..., v) (6.3) 
have no solutions other than the trivial solutions y1 = y2 = --- = y, = y. 
where y E V. 
We note that if M is the matrix 
i 
l-2 1 0 
1 0 l-2 1’ 
the M sets correspond to the sets studied by Szemeredi, namely sets of 
integerscontainingno four consecutive terms of any arithmetic progression. 
Corresponding to any finite M set %?, we define a characteristic function 
K(%; m) = I 1 ifmE%? 0 otherwise, (6.5) 
and an exponential sum 
W(V; cx.) = f K(%?; m) e(ma). 
m=--00 
(6.6) 
We also define an aggregate ‘$I corresponding to the matrix M, con- 
sisting of sets (3.1) with 
x, = lc(%T; n), (n = 1, L., g>, 
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where ‘8 is an A4 set selected from the set 
1, 2,..., g (6.7) 
[in other words, the M set ‘k: is a subset of the set (6.7)]. To obtain all sets 1‘ 
in the aggregate 5X, we let g run through all natural numbers and, for each 
g, let %? run through all M sets that can be selected from the set (6.7) 
(including the empty subset of (6.7)). 
This construction is consistent with Definition 4. For Condition (II’) 
is satisfied by virtue of (6.1), whilst Condition (I’) and (III’) are trivially 
satisfied. 
Let T’ = #(‘$I) be the limit (3.4) corresponding to this aggregate ‘X. 
Thus, if M is the matrix (6.4), Szemeredi’s theorem is equivalent to the 
assertion 7’ = 0. 
Now suppose that cl , c2 are positive numbers, and k, N are integers 
satisfying the following conditions. 
k > k,, where k, = k,,(E1) is sujiciently large. (6.8) 
E2 < &I”. (6.9) 
N > N, , where N,, = N,,(E, , k, l 2) is su@ientZy large. (6.10) 
(Here the numbers k, , N, may depend on the matrix M as well as on 
the parameters specified). 
Let the ordered set 
W), V(Z),..., T?(t) (6.11) 
consist of all the distinct M sets (including the empty one) that can be 
selected from the set 
1, 2,. . . , k, (6.12) 
where these M sets are arranged in some definite order. We note that 
t < 2k, since there are only 2” distinct subsets of (6.12). 
We now construct an aggregate 6, as follows. Take C to be the set (6.1 I), 
and assign to Vs) the number 
11 W8) 11 = k-l 1 WS) 1 (s = 1, 2 )...) t), (6.13) 
where j %+I ( denotes the number of elements of WCs). We note that 
0 < 1) Vts) I] < 1, as required. 
We take 6 to consist of all finite sequences 
27 = {VI , q2 I.--, gg>, 
having Property P below, where each ‘ip, is an element of C. 
(6.14) 
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PROPERTY P. Ify,*,y,* ,..., yy* is any nontrivial solution of (6.2) with 
1 < yj* < g (j = I,2 ,..., v), then the equations 
(6.2) subject to yj E ?ZV,* (j = 1, 2,..., V) 
have no solutions at all, trivial or otherwise. 
Our construction of 6 is consistent with Definition 1; Condition (I) 
holds because we always have the option of taking the S?% to be empty, 
whilst Condition (II) holds by virtue of (6.1). 
Remark. It follows from Property P that, given any integer h and any 
sequence Y in G, there is no nontrivial solution of (6.2) with 
1 <Yj* <g and h E qVj* (j = 1, 2 ,..., v). 
Thus, for each h = 1,2 ,..., k, the set 
is an M set. 
{Y; 1 <Y < g, 4f,; 4 = 11 
Let T = T(G) be the limit (2.4) corresponding to the aggregate 6 
constructed above. 
LEMMA 5. The limits 7’ and 7, corresponding to the aggregates III and 6 
constructed above, are equal; or written symbolically 
7 = T’(2q = T(G). (6.15) 
Proo$ Let A(I) be the function (3.3) corresponding to the aggregate 
‘% = ‘+X(M) constructed above. Then, from the remark below Property P, 
it follows that for any sequence (6.14), 
8-l % II gv II = g-‘k-l i I v, I < g-1AW. 
f/=1 
It follows from Definition 2 and (3.4) that 
T(G) < T’(a). 
On the other hand (in view of the above construction of the aggregate 2t), 
for arbitrarily large g, we can find a subset V of the set 
1, 2,..., kg 
such that %? is an M set having A(kg) elements. We now associate a 
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sequence (6.14) to this set V, by defining the sets %n (II = 1,2,..., g) by 
the relations 
K(g& h) = K(%?; (7’7 - l)k + 17) for 12 = 1, 2 ,..., k. 
The sequence (6.14) thus constructed has Property P in view of the fact that 
and 
Yi E %J7* implies (yj* - 1)k + yj E %?, 
1 <yi <k. 
For the sequence Y just defined, we have 
g-1 i // gn I/ = k-1 g -1 g 
?I=1 
,c, I gn I = (kg)-l I q I = OW’ &kg). 
We thus also have 
T(G) 3 +pq, 
and the lemma is proved. 
We now apply Theorem A, with E = +cz , to obtain a sequence 
.9 = {@I ) 592 )...) %Q, (6.16) 
(where each %?n is an element of the set (6.11)) such that, for the set (2.7) 
satisfying (23, (2.10) holds with Y = 9 for each s = 1,2 ,..., t. 
Henceforth we regard the set 9, thus chosen, as being$xed. 
In accordance with the notation of Section 2, we write, for s = 1, 2,..., t ,  
u&-(S) = {n; 1 < n < N, %Fn = W)}) (6.17) 
d, = N-l / A’-fs) 1, (6.18) 
so that, in particular, the d, are nonnegative numbers staisfying 
l&G = 1. (6.19) 
Again, as in Section 2, we associate to (6.17) the exponential sum 
T.d4 = E,., 44 (6.20) 
In view of the remark after Theorem A, we have 
(6.21) 
IRREGULARITIES OF SEQUENCES 141 
and, for each s = 1,2 ,..., t, 
/ T,(a) - d, & e(na) 1 < l ,t-lN for every CL (6.22) 
The next two lemmas show that we also have, for “nearly” all @?:, in 9, 
W(~T?~ ; a) - 7 5 e(mci) 1 < elk 
?7I=l 
for every 01, (6.23) 
where the exponential sum W is defined by (6.6). 
LEMMA 6. Let W,(a) = W(%fs); CX) be the exponential sum (6.6) with 
V = %?tS), where ‘F8) is the sth element of the set (6.11). 
Then, provided only 
(6.24) 
we have 
1 W,(E) - T gl e(m) 1 < 4 for every a- (6.25) 
Proof. This is an immediate consequence of Lemma 2, applied with 
fl - 1 - %el, g = k and xj = ~(‘%?(~);j) for j = 1,2,..., k; the requirement 
hat g should be large is satisfied in view of (6.8), and +(?I) = T by 
Lemma 5. 
Finally, we obtain an estimate for the number of “exceptional” @‘m for 
which (6.23) is not available. (In this connection we recall that @n = W*) 
for 12 E J(S) and that d, is the density of JV(~)). 
LEMMA 7. We have 
jl 4 -=c ~1, 
(6.24) f&188 
(6.26) 
where the summation is over all those s for which (6.24) is not satisjied. 
In particular, the number of “exceptional” @, , for which (6.23) does not 
hold, is less than EON. 
Proof. We write 
vs = T - k-l 1 %?fS) 1 (s = 1, 2,..., k) 
641/2/2-z 
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so that, in view of (6.19), the relation (6.21) takes the form 
Since T = ~(‘21) = lim /c-~A(~) and / Wd) j < A(k), we may, by virtue of 
(6.8), take for granted the inequalities 
71s 3 -QQ” (s = 1, 2 ,..., k). 
But for those s for which (6.24) is false, we have 
so that (again recalling (6.19)) we see that (6.27) implies 
1 
- ~1 3 gl d, - $ cl2 < c2 . 
(6.24) false 
In view of (6.9), this yields (6.26) and the lemma is proved. 
The inequalities (6.22) and (6.23) will provide the basic tools for the 
analytic method we shall develop, in our next paper of this series, to prove 
a generalized form of SzemerCdi’s theorem. 
